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Abstract
In this paper we introduce the concept of the rectangular metric like spaces, along with its
topology and we prove some fixed point theorems under different contraction principles. We
introduce the concept of modified metric-like space as well and prove some topological and
convergence properties under the symmetric convergence. Some examples are given to illustrate
the proven results and enrich the new introduced metric type spaces.
1 Introduction
The generalization of Banach contraction principle, which has many applications in different branches
of science and engineering, depends either on generalizing the metric type space or the contractive
type mapping ( see [1] and the references therein). The generalization of the metric type space
based on reducing or modifying the metric axioms. We name for example quasi-metric spaces,
partial metric spaces, m−metric spaces, mb−metric spaces, Sp metric spaces, rectangular metric
spaces, b−metric spaces, metric-like spaces and rectangular partial metric spaces and so on ([2]-
[10]). In fact, losing or weakening some of the metric axioms causes the loss of some metric type
convergence properties and hence brings obstacles in proving some fixed point theorems. These
obstacles force researchers to develop the techniques in proving their fixed point results which leads
to development in fixed point theory. Consequently, the new obtained fixed point results will be
valid for more applications of modelling problems in different areas where fixed point techniques
are necessary. In this article, we restrict ourselves on developing metric-like spaces by introducing
modified metric-liked spaces, rectangular metric-like spaces and rectangular modified metric-like
spaces and we shall prove some fixed point theorems in rectangular metric-like spaces. Examples
will be given to support our results and the symmetric convergence will be studied in the newly
introduced metric type spaces.
2 Partial metric and rectangular metric preliminaries
Definition 1. [5] (partial metric space) Let X be a nonempty set. A mapping p : x×X → R+ is
said to be a partial metric on X if for any x, y, z ∈ X, it satisfies the following conditions:
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1. (p1) x = y if and only if p(x, y) = p(x, x) = p(y, y);
2. (p2) p(x, x) ≤ p(x, y);
3. (p3) p(x, y) = p(y, x);
4. (p4) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z).
In this case the pair (X, p) is called a partial metric (PM) space.
Definition 2. [4] (rectangular metric space (Branciari metric space)) Let X be a nonempty set.
A mapping d : x × X → R+ is said to be a rectangular metric on X if for any x, y ∈ X and all
distinct points u, v ∈ X \ {x, y}, it satisfies the following conditions:
1. (R1) x = y if and only if d(x, y) = 0;
2. (R2) d(x, y) = d(y, x);
3. (R3) d(x, y) ≤ d(x, u) + d(u, v) + d(v, y).
In this case the pair (X, d) is called a rectangular metric (RM) space.
In [3] the notion of rectangular metric space was extended to rectangular partial metric spaces
as follows.
Definition 3. [3] (rectangular partial metric space ) Let X be a nonempty set. A mapping ρ :
x × X → R+ is said to be a rectangular metric on X if for any x, y ∈ X and all distinct points
u, v ∈ X \ {x, y}, it satisfies the following conditions:
1. (RP1) x = y if and only if ρ(x, y) = ρ(x, x) = ρ(y, y);
2. (RP2) ρ(x, x) ≤ ρ(x, y);
3. (RP3) ρ(x, y) = ρ(y, x);
4. (RP4) ρ(x, y) ≤ ρ(x, u) + ρ(u, v) + ρ(v, y)− ρ(u, u)− ρ(v, v).
In this case the pair (X, ρ) is called a rectangular partial metric (RPM) space.
It is clear that every rectangular metric space is a rectangular partial metric space but the
converse is not true.
Example 1. [3] Let = [0, a] and α ≥ a ≥ 3. Define the mapping ρ : X ×X → R+ by
ρ(x, y) =


x if x = y
3α+x+y
2
if x, y ∈ {1, 2}, x 6= y
α+x+y
2
otherwise
.
Then, (X, ρ) is a rectangular partial metric space,but it is not a rectangular metric space, because
for any x > 0, we have ρ(x, x) = x 6= 0.
For convergence , completeness and examples of RM, PM and RPM spaces we refer to [4, 5, 3].
In general, for metric type spaces where the self-distance need not be zero we use the convergence
xn → x⇔ ̺(xn, x) = ̺(x, x),
where ̺ is metric type function under which the self distance may not be zero.
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3 Metric-like spaces, modified metric-like spaces and symmetric
convergence
Definition 4. [2] Let X be a nonempty set. A mapping σ : x×X → R+ is said to be a metric-like
on X if for any x, y, z ∈ X, it satisfies the following conditions:
• (σ1) σ(x, y) = 0 implies x = y;
• (σ2) σ(x, y) = σ(y, x);
• (σ3) σ(x, y) ≤ σ(x, z) + σ(z, y).
In this case the pair (X,σ) is called a metric- like space (ML-space).
Every metric-like space is a topological space whose topology is generated by the base consisting
of the open σ−balls
Bσ(x, δ) = {y ∈ X : |σ(x, y) − σ(x, x)| < δ}, x ∈ X, δ > 0.
Note the difference between the balls Bσ(x, δ) and the balls Bp(x, δ), which is due to the absence
of the smallness of the self distance condition (p2) from the metric-like. Also, since self distance
need not be zero in metric-like spaces then convergence and completeness in metric-like spaces still
resembles that in partial metric spaces. Indeed, a sequence {xn} in a metric-like space converges to
a point x ∈ X if and only if limn→∞ σ(xn, x) = σ(x, x) and the sequence {xn} is called σ−Cauchy
if limm,n→∞ σ(xn, xm) exists and is finite. The metric-like space (X,σ) is called complete if for
each σ−Cauchy sequence {xn} there exists x ∈ X such that
lim
n→∞
σ(xn, x) = σ(x, x) = lim
m,n→∞
σ(xn, xm).
Remark 1. Metric-like spaces lose some topological and convergence properties that metric space
can have. For example
• Limits are not unique in ML− spaces. Take X = {a, b} and let σ(x, y) = 1 for any x ∈ X.
Then, clearly the sequence xn = 1 for all n converges to both a and b. Notice that σ(a, a) =
σ(b, b) = 1 6= 0. However, if xn → x and xn → y such that x, y ∈ Λ = {z ∈ X : σ(z, z) = 0}
then σ(x, y) ≤ σ(xn, x) + σ(xn, y) and hence by letting n → ∞ we conclude that σ(x, y) = 0
and hence x = y.
• y ∈ Bσ(x, δ) does not necessarily imply that y ∈ Bσ(x, δ).
• Convergent sequences are not necessarily σ−Cauchy.
• If xn is a σ−Cauchy sequence in X and has a convergent subsequence xni to x, then not
necessarily xn → x.
• If {xn} and {xn} are σCauchy sequences in X then it is not necessary that limn→∞ σ(xn, yn)
exists.
• If xn → x and yn → y in (X,σ) then it not necessarily that limn→∞ σ(xn, yn) = σ(x, y).
Upon Remark 1 above we define the following modified metric-like space (mML space).
Definition 5. (modified metric-like spaces) Let X be a nonempty set. A mapping σm : x×X → R
+
is said to be a modified metric-like on X if for any x, y, z ∈ X, it satisfies the following conditions:
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• (mσ1) σm(x, y) = 0 implies x = y;
• (mσ2) σm(x, y) = σm(y, x);
• (mσ3) σm(x, y) ≤ σm(x, z) + σm(z, y) − σm(z, z).
In this case the pair (X,σm) is called a modified metric- like space (mML-space).
It is clear that every partial metric space ismML−space and every mML−space isML−space.
Example 2. (An ML−space which is not mML−spaces) let X = {1, 2, 3, 4, 5} and define the
mapping d : X × X → R+ such that: d(x, y) = 2 for all x 6= y, d(x, x) = 0 for all x 6= 1 and
d(1, 1) = 3. Then it is clear that the conditions σ1, σ2 of Definition 4 are satisfied. We need to
verify the last condition. If x 6= y, then we have d(x, u)+d(u, y) = 2+2 ≥ d(x, y). Also, if x = y = 1,
then d(1, u) + d(u, 1) = 2 + 2 ≥ d(1, 1). Finally, if x = y 6= 1, d(x, u) + d(u, x) ≥ 0 = d(x, x).
Therefore, (X, d) is a ML-space but it is not a mML−space because d(2, 1) + d(1, 3) − d(1, 1) =
2 + 2− 3 = 1 ≤ d(2, 3).
Definition 6. (symmetric convergence in metric-like spaces) We shall say that a sequence {xn} of
a metric-like space (X,σ) is symmetric convergent to x ∈ X if for every ǫ > 0 there exists n0 ∈ N
such that for each n ≥ n0 we have
xn ∈ Bσ(x, ǫ) and x ∈ Bσ(xn, ǫ).
Equivalently, if
lim
n→∞
σ(xn, x) = lim
n→∞
σ(xn, xn) = σ(x, x). (1)
We shall denote xn →
s x for symmetric convergence which is characterized by (1). It is clear
that symmetric convergence implies σ−convergence or the σ− topology convergence.
Theorem 1. Let (X,σm) be a mML−space. Then
1. If xn →
s x then {xn} is σm−Cauchy.
2. If {xn} is σm−Cauchy and has a subsequence {xni} such that xni →
s x then xn →
s x.
3. If {xn} and {yn} are σm−Cauchy sequences then limn→∞ σm(xn, yn) exists.
4. If xn →
s x and yn →
s y then limn→∞ σm(xn.yn) = σ(x, y).
Proof.
1. Assume xn →
s x. Then limn→∞ σm(xn.yn) = σ(x, y). By mσ3, for each l, n ∈ N we have
σm(xn, xl) ≤ σm(xn, x) + σm(x, xl)− σm(x, x)
and
σm(x, x) ≤ σm(x, xn) + σm(xn, xl) + σm(xl, x)− σm(xn, xn)− σm(xl, xl).
Let l, n→∞. Then σm(x, x) ≤ limn,l→∞ σm(xl, xn) ≤ σm(x, x). Hence limn,l→∞ σm(xl, xn) =
σm(x, x) and so {xn} is σm−Cauchy.
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2. Let {xn} is σm−Cauchy and has a subsequence {xni} such that xni →
s x. Then
lim
i→∞
σm(xni , x) = lim
i→∞
σm(xni , xni) = σm(x, x).
Since {xn} is σm−Cauchy then there exists r > 0 such that liml,n→∞ σm(xn, xl) = r. It is
clear that σm(x, x) = r as well. On the other hand by (mσ3) we have
σm(xn, x) ≤ σm(xn, xni) + σm(xni , x)− σm(xni , xni),
and
σm(xni , x) ≤ σm(xni , xn) + σm(xn, x)− σm(xn, xn).
Therefore,
σm(xni , x)−σm(xni , xn)+σm(xn, xn) ≤ σm(xn, x) ≤ σm(xn, xni)+σm(xni , x)−σm(xni , xni).
If we let n, i → ∞ then σm(x, x) − r + r ≤ limn,l→∞ σm(xn, xl) ≤ r + σm(x, x) − σm(x, x).
From which it follows that limn→∞ σm(xn, x) = limn→∞ σm(xn, xn) = σm(x, x) and hence
xn →
s x.
3. Assume {xn} and {yn} are σm−Cauchy sequences in X. Then, there exist r1, r2 > 0 such
that limn,l→∞ σm(xn, xl) = r and limn,l→∞ σm(yn, yl) = r2 . It is sufficient to prove that the
sequence {σm(xn, yn)} is Cauchy in R. By (mσ3) for each n, l ∈ N we have
σm(xn, yn) ≤ σm(xn, xl) + σm(xl, yl) + σm(yl, xn)− σm(xl, xl)− σm(yl, yl),
and
σm(xl, yl) ≤ σm(xl, xn) + σm(xn, yn) + σm(yn, yl)− σm(xn, xn)− σm(yn, yn).
From which it follows that
σm(xn, xn) + σm(yn, yn)− σm(xl, xn)− σm(yn, yl) ≤ σm(xn, yn)− σm(xl, yl) ≤
σm(xn, xl) + σm(yl, yn)− σm(xl, xl)− σm(yl, yl).
Let n, l→∞ then
r1 + r2 − r1 − r2 ≤ lim
n,l→∞
(σm(xn, yn)− σm(xl, yl) ≤ r1 + r2 − r1 − r2.
Hence |σm(xn, yn)− σm(xl, yl)| = 0 and so {σm(xn, yn)} is Cauchy in R.
4. assume xn →
s x and yn →
s y. Then
lim
n→∞
σm(xn, x) = lim
n→∞
σm(xn, xn) = σm(x, x),
and
lim
n→∞
σm(yn, y) = lim
n→∞
σm(yn, yn) = σm(y, y).
Now for each n ∈ N we have
σm(xn, yn) ≤ σm(xn, x) + σm(x, y) + σm(y, yn)− σm(x, x) − σm(y, y),
and
σm(x, y) ≤ σm(x, xn) + σm(xn, yn) + σm(yn, y)− σm(xn, xn)− σm(yn, yn).
Finally, letting n→∞ will lead to
lim
n→∞
σm(xn, yn) ≤ σm(x, y) ≤ lim
n→∞
σm(xn, yn),
and thus limn→∞ σ(xn, yn) = σ(x, y).
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4 Rectangular metric-like and rectangular modified metric-like
topological spaces
In this section we introduce new concept of rectangular metric-like and rectangular modified metric-
like spaces.
Definition 7. Let X be a nonempty set and ρr : X
2 → [0,∞) be a function. If the following
conditions are satisfied for all x, y in X
1. ρr(x, y) = 0⇒ x = y
2. ρr(x, y) = ρr(y, x).
3. ρr(x, y) ≤ ρr(x, u) + ρr(u, v) + ρr(v, y), for all u, v ∈ X \ {x, y}
then the pair (X, ρr) is called a rectangular metric-like (RML) space.
Definition 8. Let X be a nonempty set and ρmr : X
2 → [0,∞) be a function. If the following
conditions are satisfied for all x, y in X
1. ρrm(x, y) = 0⇒ x = y
2. ρrm(x, y) = ρrm(y, x).
3. ρrm(x, y) ≤ ρrm(x, u) + ρrm(u, v) + ρrm(v, y)− ρrm(u, u)− ρrm(v, v), for all u, v ∈ X \ {x, y}
then the pair (X, ρrm) is called a rectangular modified metric-like (RMML) space.
Example 3. Let X = {1, 2, 3, 4, 5} and define the mapping ρr : X
2 → [0,∞) by
ρr(x, y) =


2.5 for x 6= y
5 if x = y = 1
0 otherwise
.
Then, it is clear that conditions 1 and 2 of Definition 7 are satisfied. We need to verify the last
condition of the definition. For all u, v ∈ X \ {x, y}, we have ρr(x, u) + ρr(u, v) + ρr(v, y) =
2.5+ρr(u, v)+2.5 = 5+ρr(u, v) ≥ ρr(x, y), for all x, y ∈ X. Therefore, (X, ρr) is a RML-space but
it is not a RMML-space because ρr(2, 1)+ρr(1, 1)+ρr(1, 3)−ρr(1, 1)−ρr(1, 1) = 2.5+5+2.5−5−5 =
0 ≤ ρr(2, 3) = 2.5. Moreover, the space (X, ρr) is not a rectangular partial metric because of the
condition RP4 of Definition 2.
Example 4. Let (X, ρr) be a RMML-space. Then the space (X, ρrm) is also a RMML-space, where
ρrm(x, y) = ρr(x, y)+α and α > 0. To prove this argument, we need to prove the triangle inequality
of the definition. For any x, y ∈ X and u, v ∈ X \{x, y}, we have ρrm(x, u)+ρrm(u, v)+ρrm(v, y)−
ρrm(u, u)−ρrm(v, v) = ρr(x, u)+ρr(u, v)+ρr(v, y)−ρr(u, u)−ρr(v, v)+α ≥ ρr(x, y)+α = ρrm(x, y).
Example 5. Let X = (0, 1) and define the mapping ρmr : X
2 → [0,∞) by ρmr(x, y) = |x− y|+ 2.
Then (X, ρrm) is a RMML-space. We need to verify the triangle inequality. For any x, y ∈ X and
u, v ∈ X \ {x, y}, we have ρrm(x, u) + ρrm(u, v) + ρrm(v, y)− ρrm(u, u)− ρrm(v, v) = |x− u|+ |u−
v|+ |v − y|+ 2 ≥ |x− y|+ 2 = ρrm(x, y).
Definition 9. 1. A sequence {xn} is called ρr−convergent (ρrm−convergent) in a rectangular
metric like space (X, ρr), (a rectangular modified metric like space (X, ρrm),) if there exists
x ∈ X such that limn→∞ ρr(xn, x) = ρr(x, x). (limn→∞ ρrm(xn, x) = ρr(x, x).)
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2. A sequence {xn} is called ρr−Cauchy if and only if limn,m→∞ ρrm(xn, xm)
(limn,m→∞ ρrm(xn, xm) ) exists and finite.
3. A rectangular metric like space (X, ρr) (rectangular modified metric like (X, ρrm) )is called
ρr−complete ( ρrm−complete) if every ρr−Cauchy (ρrm−Cauchy) sequence is ρr−convergent
(ρrm−convergent).
Remark 2. The convergence defined above in Definition 9 is the convergence obtained in the sense
of the topology generated by the open balls B̺(x, δ) = {y ∈ X : |̺(x, y)−̺(x, x)| < δ}, x ∈ X, ̺ ∈
{ρr, ρrm}. This convergence is weaker than the symmetric convergence discussed before.
Definition 10. (Continuity of maps) A mapping f : (X, ̺1) → (Y, ̺1) between two metric type
spaces is continuous at x ∈ X if and only if f(xn)→
̺2 f(x) whenever {xn} is a sequence in X such
that xn →
̺1 x. For example if (X, ̺1) and (Y, ̺2) are metric type spaces in which the self distance
is not necessary zero (such as ML, MML, PM, RPM, RML, RMML spaces)then f : X → Y is
continuous at x ∈ X if and only if ̺2(f(xn), f(x))→ ̺2(f(x), f(x)) whenever ̺1(xn, x)→ ̺1(x, x).
For other types of continuity when convergence is varying between symmetric convergence and
topology-convergence we refer to [6].
5 Rectangular metric-like fixed point results
Theorem 2. Let (X, ρr) be a ρr−complete rectangular metric like space, and T a self mapping on
X. If there exists 0 < k < 1 such that
ρr(Tx, Ty) ≤ kρr(x, y) for all x, y ∈ X, (1)
then T has a unique fixed point u in X, where ρr(u, u) = 0.
Proof. Let x0 ∈ X and define the sequence {xn} by
x1 = Tx0, x2 = Tx1 = T
2x0, · · · , xn = Txn−1 = T
nx0, · · ·
Note that, if there exists a natural number n such that ρr(xn, xn+1) = 0, then xn = xn+1 which
implies that xn is a fixed point of T and we are done. Also, if xn = xn+1 for some n, then xn is
the fixed point of T and we also done. So, we may assume that ρr(xn, xn+1) > 0, and xn 6= xn+1
for all n.
First, consider the following notations:
ρn = ρr(xn, xn+1), ρ
∗
n = ρr(xn, xn+2) and ρ
′
n = ρr(xn, xn).
Hence,
ρ
′
n = ρr(xn, xn) = ρr(Txn−1, Txn−1) ≤ kmax{ρr(xn−1, xn−1), ρr(xn−1, xn−1), ρr(xn−1, xn−1)}
= kρ
′
n−1
≤ · · ·
≤ knρ
′
0.
Thereby,
lim
n→∞
ρ
′
n = 0
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Also, by using (1) we obtain:
ρn = ρr(xn, xn+1) = ρr(Txn−1, Txn) ≤ kρr(xn−1, xn) = ρn−1
≤ k2ρn−2
≤ · · ·
≤ knρ0.
Therefore,
ρn ≤ k
nρ0. (2)
Similarly, it not difficult to see that
ρ∗n ≤ k
nρ∗0. (3)
Now, if for some n > 0 we have x0 = xn, then
ρ0 = ρr(x0, Tx0)
= ρr(xn, Txn)
= ρn
≤ knρ0,
which leads to a contradiction. Thus, in this case we have ρ0 = 0 and that is x0 = x1, therefore
x0 is a fixed point of T. Thus, we may assume now that xn 6= xm for all natural numbers n 6= m.
Next, we claim that ρr(xn, xn+p) → 0 as n, p → ∞. To prove the claim we need to consider the
following two cases:
Case 1: p = 2m+ 1 (i.e: p is odd). Hence, by (1) and (2) we have:
ρr(xn, xn+2m+1) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m+1)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · ·+ ρr(xn+2m, xn+2m+1)
≤ knρ0 + k
n+1ρ0 + · · ·+ k
n+2mρ0
= knρ0[1 + k + k
2 + · · ·+ k2m]
= knρ0(
1− k2m+1
1− k
).
Taking the limit in above inequality we obtain:
ρr(xn, xn+2m+1)→ 0 as n,m→∞
Case 2: p = 2m (i.e: p is even). Hence, by (1), (2) and (3) we have:
ρr(xn, xn+2m) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · · + ρr(xn+2m−3, xn+2m−2) + ρr(xn+2m−2, xn+2m)
≤ knρ0 + k
n+1ρ0 + · · · + k
n+2m−3ρ0 + k
n+2m−2ρ∗0
Using the fact that 0 < k < 1 and taking the limit in above inequality we obtain:
ρr(xn, xn+2m)→ 0 as n,m→∞
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Thus, {xn} is a ρr−Cauchy sequence. Since (X, ρr) is a ρr−complete rectangular metric like
space, we deduce that {xn} converges to some u ∈ X, such that
lim
n→∞
ρr(xn, xn) = ρr(u, u)
On the other hand, we have
0 = lim
n→∞
ρ
′
n = lim
n→∞
ρr(xn, xn) = ρr(u, u)
Hence,
ρr(u, u) = 0
Now,
ρr(u, Tu) ≤ ρr(u, xn) + ρr(xn, xn+1) + ρr(xn+1, Tu)
≤ ρr(u, xn) + ρr(xn, xn+1) + kρr(xn, u).
Taking the limit as n → ∞ we deduce that ρr(u, Tu) = 0 and that is Tu = u. Therefore, T has a
fixed point in X. To show the uniqueness of the fixed point, assume that T has two fixed points
say u and v, hence
ρr(u, v) = ρr(Tu, Tv) ≤ kρr(u, v) < ρr(u, v).
Thus,
ρr(u, v) = 0,
which implies that u = v as required.
Theorem 3. Let (X, ρr) be a ρr−complete rectangular metric like space, and T a self mapping on
X. If there exists 0 < k < 1 such that
ρr(Tx, Ty) ≤ kmax{ρr(x, y), ρr(x, x), ρr(y, y)} for all x, y ∈ X, (4)
then T has a unique fixed point u in X, Where ρr(u, u) = 0
Proof. Let x0 ∈ X and define the sequence {xn} by
x1 = Tx0, x2 = Tx1 = T
2x0, · · · , xn = Txn−1 = T
nx0, · · ·
Note that, if there exists a natural number n such that ρr(xn, xn+1) = 0, then xn = xn+1 which
implies that xn is a fixed point of T and we are done. Also, if xn = xn+1 for some n, then xn is
the fixed point of T and we also done. So, we may assume that ρr(xn, xn+1) > 0, and xn 6= xn+1
for all n.
First, consider the following notations:
ρn = ρr(xn, xn+1), ρ
∗
n = ρr(xn, xn+2) and ρ
′
n = ρr(xn, xn).
Hence,
ρ
′
n = ρr(xn, xn) = ρr(Txn−1, Txn−1) ≤ kmax{ρr(xn−1, xn−1), ρr(xn−1, xn−1), ρr(xn−1, xn−1)}
= kρ
′
n−1
≤ · · ·
≤ knρ
′
0.
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Thus, {ρr(xn, xn)} is a decreasing sequence, and
ρ
′
n → 0 as n→∞. (5)
By (4) we have
ρn = ρr(xn, xn+1) = ρr(Txn−1, Txn) ≤ kmax{ρr(xn−1, xn), ρr(xn, xn), ρr(xn−1, xn−1)}
Given the fact that {ρr(xn, xn)} is a decreasing sequence we have two cases in the above inequality.
Case 1: max{ρr(xn−1, xn), ρr(xn−1, xn−1)} = ρr(xn−1, xn−1), in this case and by (5) we deduce
that
ρr(xn, xn+1)→ 0 as n→∞.
Case 2: max{ρr(xn−1, xn)ρr(xn−1, xn−1)} = ρr(xn−1, xn), note that if there exists i < n such that
max{ρr(xi, xn), ρr(xi, xi)} = ρr(xi, xi). Then by using (4) repeatedly until we reach i we get case
1 and in this case one can easily deduce that ρr(xn, xn+1)→ 0 as n→∞. So we may assume that
max{ρr(xi, xn), ρr(xi, xi)} = ρr(xi, xn), for all i < n. Therefore,
ρr(xn, xn+1) = ρr(Txn−1, Txn) ≤ kρr(xn−1, xn)
≤ k2ρr(xn−2, xn−1)
≤ · · ·
≤ knρr(x0, x1).
Hence, since 0 < k < 1 we deduce that ρr(xn, xn+1)→ 0 as n→∞.
Thus, in both cases we have
ρn → 0 as n→∞. (6)
Next, note that by (4) we have:
ρ∗n = ρr(xn, xn+2) = ρr(Txn−1, Txn+1) ≤ kmax{ρr(xn−1, xn+1), ρr(xn+1, xn+1), ρr(xn−1, xn−1)}
Given the fact that {ρr(xn, xn)} is a decreasing sequence we have two cases in the above inequality.
Case 1: max{ρr(xn−1, xn+1), ρr(xn−1, xn−1)} = ρr(xn−1, xn−1), in this case and by (5) we deduce
that
ρr(xn, xn+2)→ 0 as n→∞.
Case 2: max{ρr(xn−1, xn+1)ρr(xn−1, xn−1)} = ρr(xn−1, xn+1), note that if there exists i < n such
that max{ρr(xi, xn), ρr(xi, xi)} = ρr(xi, xi). Then by using (4) repeatedly until we reach i we get
case 1 and in this case one can easily deduce that ρr(xn, xn+2)→ 0 as n→∞. So we may assume
that max{ρr(xi, xn), ρr(xi, xi)} = ρr(xi, xn), for all i < n. Therefore,
ρr(xn−1, xn+1) = ρr(Txn−2, Txn) ≤ kρr(xn−2, xn)
≤ k2ρr(xn−3, xn−1)
≤ · · ·
≤ kn−2ρr(x0, x2).
Hence, since 0 < k < 1 we deduce that ρr(xn, xn+2)→ 0 as n→∞.
Thus, in both cases we have
ρ∗n → 0 as n→∞. (7)
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Now, if for some n > 0 we have x0 = xn, then
ρ0 = ρr(x0, Tx0)
= ρr(xn, Txn)
= ρn,
but, by (6) we have ρn → 0 as n → ∞. Thus, in this case we have ρ0 = 0 and that is x0 = x1,
therefore x0 is a fixed point of T. Thereby, we may assume now that xn 6= xm for all natural
numbers n 6= m. Similarly to the argument in the previous theorem, we claim that ρr(xn, xn+p)→ 0
as n, p→∞. To prove the claim we need to consider the following two cases:
Case 1: p = 2m+ 1 (i.e: p is odd). Hence,
ρr(xn, xn+2m+1) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m+1)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · · + ρr(xn+2m, xn+2m+1).
Taking the limit in above inequality and by (6) we obtain:
ρr(xn, xn+2m+1)→ 0 as n,m→∞
Case 2: p = 2m (i.e: p is even). Thus,
ρr(xn, xn+2m) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · · + ρr(xn+2m−3, xn+2m−2) + ρr(xn+2m−2, xn+2m)
Since 0 < k < 1, taking the limit in above inequality by (6) and (7) we obtain:
ρr(xn, xn+2m)→ 0 as n,m→∞
Thus, {xn} is a ρr−Cauchy sequence. Since (X, ρr) is a ρr−complete rectangular metric like
space, we deduce that {xn} converges to some u ∈ X, such that
lim
n→∞
ρr(xn, xn) = ρr(u, u)
On the other hand, we have
0 = lim
n→∞
ρ
′
n = lim
n→∞
ρr(xn, xn) = ρr(u, u)
Hence,
ρr(u, u) = 0
Now,
ρr(u, Tu) ≤ ρr(u, xn) + ρr(xn, xn+1) + ρr(xn+1, Tu)
≤ ρr(u, xn) + ρr(xn, xn+1) + kρr(xn, u).
Taking the limit as n → ∞ we deduce that ρr(u, Tu) = 0 and that is Tu = u. Therefore, T has a
fixed point in X.
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To show the uniqueness of the fixed point, first we want to bring the attention to the following
fact, If v is a fixed point,
ρr(v, v) = ρr(Tv, Tv) ≤ kρr(v, v) ≤ · · · ≤ k
nρr(v, v) < ρr(u, v).
Which implies that ρr(v, v) = 0. Now, assume that T has two fixed points say u and v. Since
ρr(u, u) = ρr(v, v) = 0 we can conclude that max{ρr(u, v), ρr(u, u), ρr(v, v)} = ρr(u, v). Thus,
ρr(u, v) = ρr(Tu, Tv) ≤ kρr(u, v) < ρr(u, v).
Thus,
ρr(u, v) = 0,
which implies that u = v as desired.
Theorem 4. Let (X, ρr) be a ρr−complete rectangular metric like space, and T a self mapping on
X. If there exists 0 < k < 1 such that
ρr(Tx, Ty) ≤ kmax{ρr(x, y), ρr(x, Tx), ρr(y, Ty)} for all x, y ∈ X, (8)
then T has a unique fixed point u in X, where ρr(u, u) = 0.
Proof. Let x0 ∈ X and define the sequence {xn} by
x1 = Tx0, x2 = Tx1 = T
2x0, · · · , xn = Txn−1 = T
nx0, · · ·
Note that, if there exists a natural number n such that ρr(xn, xn+1) = 0, then xn = xn+1 which
implies that xn is a fixed point of T and we are done. Also, if xn = xn+1 for some n, then xn is
the fixed point of T and we also done. So, we may assume that ρr(xn, xn+1) > 0, and xn 6= xn+1
for all n.
First, consider the following notations:
ρn = ρr(xn, xn+1), ρ
∗
n = ρr(xn, xn+2) and ρ
′
n = ρr(xn, xn).
Hence, for all natural number n we have
ρn = ρr(xn, xn+1) = ρr(Txn−1, Txn) ≤ kmax{ρr(xn, xn+1), ρr(xn−1, xn)}. (9)
Hence, if max{ρr(xn, xn+1), ρr(xn−1, xn)} = ρr(xn, xn+1), then inequality (8) implies
ρr(xn, xn+1) < ρr(xn, xn+1)
which leads to a contradiction. Therefore,
max{ρr(xn, xn+1), ρr(xn−1, xn)} = ρr(xn−1, xn) for all n. (10)
Also, note that
ρr(xn, xn+1) = ρr(Txn−1, Txn) ≤ kρr(xn−1, xn)
≤ k2ρr(xn−2, xn−1)
≤ · · ·
≤ knρr(x0, x1).
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Thus, since 0 < k < 1 we deduce that
ρn → 0 as n→∞. (11)
On the other hand, we have
ρ
′
n = ρr(xn, xn) = ρr(Txn−1, Txn−1) ≤ kmax{ρr(xn−1, xn−1), ρr(xn−1, xn)},
in both cases, it is not difficult to conclude that
lim
n→∞
ρ
′
n = 0
Similarly to the argument in proof of the previous theorem, one can easily deduce that
lim
n→∞
ρ∗n = 0
Now, if for some n > 0 we have x0 = xn, then
ρ0 = ρr(x0, Tx0)
= ρr(xn, Txn)
= ρn,
but, by (6) we have ρn → 0 as n → ∞. Thus, in this case we have ρ0 = 0 and that is x0 = x1,
therefore x0 is a fixed point of T. Thereby, we may assume now that xn 6= xm for all natural
numbers n 6= m.
Similarly to the argument in the previous theorem, we claim that ρr(xn, xn+p)→ 0 as n, p→∞.
To prove the claim we need to consider the following two cases:
Case 1: p = 2m+ 1 (i.e: p is odd). Hence,
ρr(xn, xn+2m+1) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m+1)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · · + ρr(xn+2m, xn+2m+1).
Taking the limit in above inequality and by (6) we obtain:
ρr(xn, xn+2m+1)→ 0 as n,m→∞
Case 2: p = 2m (i.e: p is even). Thus,
ρr(xn, xn+2m) ≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + ρr(xn+2, xn+2m)
≤ · · ·
≤ ρr(xn, xn+1) + ρr(xn+1, xn+2) + · · · + ρr(xn+2m−3, xn+2m−2) + ρr(xn+2m−2, xn+2m)
Since 0 < k < 1, taking the limit in above inequality by (6) and (7) we obtain:
ρr(xn, xn+2m)→ 0 as n,m→∞
Thus, {xn} is a ρr−Cauchy sequence. Since (X, ρr) is a ρr−complete rectangular metric like
space, we deduce that {xn} converges to some u ∈ X, such that
lim
n→∞
ρr(xn, xn) = ρr(u, u)
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On the other hand, we have
0 = lim
n→∞
ρ
′
n = lim
n→∞
ρr(xn, xn) = ρr(u, u)
Hence,
ρr(u, u) = 0
Now,
ρr(u, Tu) ≤ ρr(u, xn) + ρr(xn, xn+1) + ρr(xn+1, Tu)
≤ ρr(u, xn) + ρr(xn, xn+1) + kρr(xn, u).
Taking the limit as n → ∞ we deduce that ρr(u, Tu) = 0 and that is Tu = u. Therefore, T has a
fixed point in X.
To show the uniqueness of the fixed point, first we want to bring the attention to the following
fact, If v is a fixed point, then
ρr(v, v) = ρr(Tv, Tv) ≤ kρr(v, v) ≤ · · · ≤ k
nρr(v, v) < ρr(u, v).
Which implies that ρr(v, v) = 0. Now, assume that T has two fixed points say u and v. Since
ρr(u, u) = ρr(v, v) = 0 we can conclude that max{ρr(u, v), ρr(u, u), ρr(v, v)} = ρr(u, v). Thus,
ρr(u, v) = ρr(Tu, Tv) ≤ kρr(u, v) < ρr(u, v).
Thus,
ρr(u, v) = 0,
which implies that u = v as desired.
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